ABSTRACT. We introduce a d-dimensional system of charged harmonic oscillators in a magnetic field perturbed by a stochastic dynamics which conserves energy but not momentum. We study the thermal conductivity via the Green-Kubo formula, focusing on the asymptotic behavior of the Green-Kubo integral up to time t (i.e., the integral of the correlation function of the total energy current). We employ the microcanonical measure to calculate the Green-Kubo formula in general dimension d for uniformly charged oscillators. We also develop a method to calculate the GreenKubo formula with the canonical measure for uniformly and alternately charged oscillators in dimension 1. We prove that the thermal conductivity diverges in dimension 1 and 2 while it remains finite in dimension 3. The Green-Kubo integral calculated with the microcanonical ensemble diverges as t 1/4 for uniformly charged oscillators in dimension 1, while it is known to diverge as t 1/2 without magnetic field. This is the first rigorous example of the new exponent 1/4 in the asymptotic behavior for the Green-Kubo integral. We also demonstrate that our result provides the first rigorous example of a diverging thermal conductivity with vanishing sound speed. In addition, employing the canonical measure in the Green-Kubo formula, we prove that the Green-Kubo integral for uniformly and alternately charged oscillators respectively diverges as t 1/4 and t 1/2 . This means that the exponent depends not only on a non-zero magnetic field but also on the charge structure of oscillators.
In low dimensions, the thermal conductivity generally diverges in the thermodynamic limit. This phenomenon is called anomalous heat transport or superdiffusion of energy, a research area of which has now become an interdisciplinary field from physics to mathematics [2, 6, 10, 11, 16] . Diverging thermal conductivity and superdiffusion of energy have been studied for prototypical interacting systems with several conservation laws [3-5, 13, 17] . Among them, the system of oscillators is one of the most studied models. Using these models, the mechanism of diverging thermal conductivity has been studied mainly through the Green-Kubo formula. Considering the 1-dimensional periodic chain of N oscillators, we define the local energy E x of the oscillator labeled by x ∈ T N , where T N = Z/NZ is the discrete torus. From the conservation of total energy, the local energy current is defined through the continuity equation with respect to energy as ∂ t E x (t) = J x−1,x (t) − J x,x+1 (t), where J x,x+1 is the energy current between the sites x and x + 1. Then, up to a conventional normalization, the Green-Kubo formula for thermal conductivity κ is written as
where the thermal conductivity κ is obtained by taking the infinite time limit in the Green-Kubo integral κ GK (t). The symbol ... implies the average over the microcanonical or canonical ensemble. Note that the Green-Kubo integral κ GK (t) contains the correlation function of the instantaneous total energy current. In general low-dimensional systems, the correlation function shows a power-law decay in the long-time regime, and this leads to the divergence of the GreenKubo integral.
So far, there have been many discussions on the divergence of the Green-Kubo formula in terms of the asymptotic behavior of the Green-Kubo integral and the current correlation function with numerical and analytical approaches [10] . Recently, many theoretical advances have been achieved. The key-ingredient of the theories is to focus on the conserved quantities. In any nonlinear chain of oscillators connected with spring forces depending only on the distance between particles, the momentum and energy are conserved. In addition, the so-called stretch is also conserved. Renormalization type arguments for the hydrodynamic equations of the conserved quantities are performed and they predict a t 1/3 asymptotic behavior of the Green-Kubo integral in 1-dimensional systems [12] . More recently, nonlinear fluctuating hydrodynamics argues for a remarkable connection between the dynamics of the sound modes in heat conduction and the Kardar-Parisi-Zhang equation [16] . The asymptotic divergent behavior of the Green-Kubo integral is classified into t 1/3 or t 1/2 depending on the symmetry of the potential function and the pressure [16] . The nonlinear fluctuating hydrodynamics also classifies the possible universality class of the dynamical exponent in general diffusive dynamics with several conservation laws, and a Fibonacci sequence of exponents, including the golden mean, is found [13] .
Another important approach to understand the diverging thermal conductivity relies on an exactly soluble models, among of them the momentum exchange model [1] . This model shows a hybrid dynamics consisting of a deterministic part and stochastic perturbation. In the momentum exchange model, the momenta of the nearest neighbor oscillators are stochastically exchanged so that the conserved quantities defined for deterministic dynamics remain conserved. A rigorous analysis shows the s −1/2 power-law decay in the correlation of the total current if the chain is harmonic [1] , and this leads to a t 1/2 divergence in the Green-Kubo integral. For this harmonic momentum exchange model, it is also established that under a proper space-time scaling limit, the macroscopic energy diffusion is described by a fractional diffusion equation [7] . Recently variants of the momentum exchange model have been proposed to simplify the analysis [4, 5] .
In this paper, we propose another variant of the harmonic momentum exchange model, where the oscillators are charged and a magnetic field is applied. We will show a new exponent in the divergence of the Green-Kubo integral. The magnetic field induces cyclotron motion of the particle and hence the standard momentum conservation is broken. This model was partially analyzed in the previous paper [15] . Herein we generalize the previous work and develop several novel mathematical techniques We consider a system where the charged harmonic oscillators are arranged on the d-dimensional lattice with periodic boundary conditions and each oscillator can move in the d * -dimensional space. We assume d * ≥ 2 so to be able to apply a magnetic field, but d (≥ 1) is arbitrary. The goal of our study is to derive the asymptotic behavior of the GreenKubo integral for this model. To this end, we calculate the current correlation function with microcanonical and canonical measures in different lattice dimension d and charge structures of oscillators.
In Section 2, we study the thermal conductivity via the microcanonical Green-Kubo formula in general dimension d for uniformly charged oscillators, namely the case where the charges of all oscillators are equal. Here, the microcanonical Green-Kubo formula implies that we employ the microcanonical ensemble for the correlation function of energy current in the Green-Kubo integral. We show that the thermal conductivity diverges in lattice dimensions 1 and 2, while it is finite in d ≥ 3. In dimension 1, the microcanonical Green-Kubo integral diverges as t 1/4 . This is a remarkable difference from the case with zero magnetic field having t 1/2 behavior as reported in [1] . This is the first rigorous example of the exponent 1/4 in the divergent behavior of the Green-Kubo integral for the thermal conductivity.
Further, in our model, the sound velocity, namely the first derivative of the dispersion relation at wave number 0, vanishes. In [9] , the relation between the vanishing sound speed and the divergence of the thermal conductivity is discussed. In particular, the authors conjectured that the non-vanishing speed of sound is a necessary condition for the superdiffusion of thermal energy. However, our result provides a counterexample to this conjecture.
Our strategy for the proof is primarily the same as in [1] , where an explicit solution of a resolvent equation is crucial. With this solution, we calculated the Laplace transform of the correlation function of the energy current explicitly. In the study of its inverse Laplace transform, numerous computations with careful asymptotic analysis are required. Here, we remark that the correlation function has a strong oscillation and it does not have a monotone decay as s −3/4 .
In Section 3, we develop a technique to calculate the Green-Kubo integral with the canonical measure in lattice dimension 1. To introduce the canonical measure, the coordinate of the system must be changed from the pair of position and velocity to the pair of deformation (the difference in position between two neighboring oscillators) and velocity. We use this new coordinate for uniformly and alternately charged oscillators in dimension 1. Here, the alternate charge means that the sign of charges is alternating, while the magnitude is the same for all oscillators. In addition, we apply this change of coordinates to a system of uncharged oscillators (which is equivalent to the original harmonic momentum exchange model), because the canonical measures are not properly defined in [1] . For the canonical Green-Kubo integral, we again find that the uniformly charged system asymptotically shows t 1/4 . However, uncharged and alternately charged systems show t 1/2 . This reveals that the exponent depends not only on a non-zero magnetic field, which breaks momentum conservation, but also on the charge structure of the oscillators. Heuristically the average effect from the magnetic field in the alternate charge model can be regarded as 0. However, we do not have any rigorous argument for the reason why uncharged and alternately charged systems show the same exponent thus far.
Concerning the proof, unlike the microcanonical case, we cannot solve the resolvent equation directly because of the change of coordinates. Several nice symmetries exist for position coordinates, which are essential to solve the resolvent equation explicitly. Hence, we introduce a new technique by using a solution in the original position coordinates. On the other hand, as the canonical measures are product measures in the new coordinates of deformations, the expectation of observables are easy to compute and the equivalence of ensembles is not invoked.
Once the divergence of the thermal conductivity is shown, it is natural to inquire about the exact nature of the superdiffusion, or more precisely about the macroscopic evolution equation of energy. We are currently working on this problem using the kinetic approach and expect a corresponding fractional diffusion equation.
1.2.
Model and main result. We now introduce our model. We consider a d-dimensional chain of oscillators with periodic boundary conditions of length N moving in the d * -dimensional space. The oscillators are labeled by
We emphasize that d is not necessarily equal to d * . In particular, as we aim to study the system in a magnetic field, we always assume d * ≥ 2, but d ≥ 1 is arbitrary. The velocity of the oscillator x is denoted by v x ∈ R d * and the displacement from its equilibrium position is denoted by q x ∈ R d * .
We denote by (e 1 , e 2 , . . . , e n ) the canonical basis of R n and the coordinates of a vector u ∈ R n in this basis by (u 1 , . . . , u n ). Its Euclidean norm |u| is defined by |u| = (u 1 ) 2 + · · · + (u n ) 2 and the scalar product of u and v is denoted by u · v. When it is clear from the context, we will not explicitly mention whether a vector is in R d or R d * . Instead, for better readability, we use the alphabets a, b for indexes in {1, 2, . . . , d} and j, k, , m for indexes in {1, 2, . . . , d * }. For example,
For two functions f (t) and g(t) defined on [0, ∞), we denote by f (t) ∼ g(t)(t → ∞) if there exists a constant C > 0 such that for large enough t,
and the discrete Laplacian of F defined by
The dynamics of the chain of oscillators in a magnetic field is given by the following differential equations (2, 1) and B ∈ R is the signed strength of the magnetic field. In this model, the oscillators are uniformly charged. For simplicity, we only consider the magnetic field orthogonal to the (1, 2) plain herein, but we can replace the matrix Bσ to an arbitrary real skew-symmetric matrix (see Remark 2.1).
The dynamics (1.1) is also written in the following way:
for j = 1, . . . , d * and x ∈ Z d N . Remark 1.1. If B = 0, the dynamics (1.1) is the Hamiltonian system with the following Hamiltonian
For B = 0, the dynamics is also a Hamiltonian system with a canonical momentum
Bσ q x and the Hamiltonian
However, we do not use the canonical momentum in this paper.
It is obvious that the dynamics (1.1) conserves the total energy ∑ x∈Z d N E x , where we define the energy of the oscillator x by
Whereas the total velocity (or canonical momentum) ∑ x∈Z d N v x is also conserved if B = 0, this is not the case if B = 0. Instead, the sum of the pseudomomentump x p x := v x + Bσ q x is conserved, which is generally the case for Hamiltonian systems in a magnetic field [8] . In particular, if the dynamics starts from the initial value satisfying
This observation shows that the following microcanonical state space
is conserved by the dynamics for each fixed averaged energy E > 0. Note that the microcanonical state space does not depend on B. We present some discussions on the microcanonical state space for general initial configurations in Subsection 2.2. Now, we add a stochastic perturbation to this deterministic model. We introduce the velocity exchange noise, i.e., each pair of nearest neighbor oscillators exchanges the j-th component of their velocities at random exponential times with intensity γ > 0 for each j ∈ {1, 2, . . . , d * }. γ represents the strength of the noise. This stochastic perturbation is given by the operator γS acting on functions f : R 2d * N → R as
Here, v j,x,y is obtained from v by exchanging the variables v j x and v j y . Remark 1.2. This specific choice of noise is not important. Our proof is also applicable for the continuous noise used in [1] , and yields the same divergence exponent of the thermal conductivity.
The whole dynamics is generated by the operator L := A + BG + γS with the operators A and G acting on functions f ∈ C 1 (R 2d * N d ) as
are conserved by the operator S, the microcanonical state space Ω N,E is also conserved by the whole dynamics. Moreover, the uniform probability measure on the space Ω N,E is stationary for the dynamics, and A and G are antisymmetric and S is symmetric with respect to this measure. We denote this microcanonical measure by µ N,E and the expectation with respect to it by E N,E [·] .
We aim to obtain the asymptotic behavior of the microcanonical Green-Kubo integral defined by taking the infinite size limit in the correlation of the integrated total current κ
for a, b ∈ {1, 2, . . . , d} where E N,E is the expectation for the dynamics starting from the microcanonical measure µ N,E and J x,x+e a ([0,t]) is the total energy current from x to x + e a up to time t. By symmetry, it is easy to see that κ
N,E (t) (see Lemma 2.3). Our main result for the microcanonical Green-Kubo integral is the following:
(1.6) Remark 1.4. Our proof also applies to the case B = 0 and for that case the asymptotic behavior of κ
for any d * ≥ 1. Note that d * = 1 is also allowed at this remark because B = 0. This asymptotic behavior has already been shown in Theorem 1 and 2 of [1] under the condition d = d * .
Remark 1.5. The thermal conductivity via the microcanocial Green-Kubo integral in the direction e 1 is defined as the limit (when it exists)
Theorem 1.3 shows that the Green-Kubo integral
exists for any t, but κ
Remark 1.6. In this model, the dispersion relations areω ± (θ ) = ω 2 θ + ( 
and the sound velocity of these modes vanish: lim θ →0 |∂ ± θ 1ω (θ )| = 0. Next, we consider the canonical measure, which is defined in [1] by
However, the partition function Z in the expression above is infinite since the total energy
Hence, to handle the canonical measures, we redefine the dynamics with different coordinates and state spaces, which is physically identical to (1.1) in the bulk, but the boundary conditions are different. Since state spaces and canonical measures in the new coordinates become complicated for d ≥ 2, we study only the case d = 1. Moreover, for notational simplicity, we restrict ourselves to the case d * = 2. In this setting, we study three versions of the dynamics, namely (0) zero magnetic field, B = 0, (i) uniform charges, and (ii) alternate charges.
We now introduce the dynamics in new coordinates. Suppose d = 1 and d * = 2. The oscillators are labeled by x ∈ Z N := Z/NZ. We use x rather than x to emphasize that x is not a vector. The velocity of the oscillator x is denoted by v x ∈ R 2 as before, and instead of q x , we introduce r x ∈ R 2 which represents the difference in the displacement between the oscillators x and x + 1. We can interpret r x = q x+1 − q x but q x is no longer periodic. In other words, we do not assume ∑ x∈Z N r x = 0.
The equations of motion for the three cases are
and
for j = 1, 2 and x ∈ Z N . For dynamics (ii), we assume that N is even. Note that dynamics (i) is obtained from the dynamics (1.2) by changing the coordinates formally as r x = q x+1 − q x . As before obvious by the dynamics (0), (i) and (ii) conserve the total energy ∑ x∈Z N E x , where we define the energy of the oscillator x by
We now consider the stochastic perturbation of these dynamics. The operator of the perturbation is given by the operator γS r acting on functions f : R 4N → R as
whose physical interpretation is the same as before. The generator of the whole dynamics is
r + γS r with the operators A r and G (#)
For each β > 0, the canonical measure µ N,β on R 4N is defined by
where Z β = 2π β . Dynamics (0), (i) and (ii) are all stationary under µ N,β since A r and G (#) r for # = i, ii are antisymmetric and S r is symmetric with respect to this measure.
We consider the canonical Green-Kubo integral defined by taking the infinite size limit in the correlation of the integrated total current κ
where E
N,β is the expectation for the dynamics generated by L (#) starting from the canonical measure µ N,β and J x,x+1 ([0,t]) is the total energy current from x to x + 1 up to time t.
Our main result for the canonical Green-Kubo integral is the following:
Remark 1.8. We conjecture that the assumption γ ≤ 1 is not essential and the asymptotic behavior of κ
(ii) β (t) does not depend on the parameter γ. This assumption is needed only in Subsection 3.6. We provide some discussions on it in Remark 3.8.
The remainder of the article is organized as follows; In Section 2, we study the model with uniform charges under microcanonical measures in general dimensions, and establish Theorem 1.3. Section 3 concerns the one-dimensional chain of uncharged oscillators and oscillators with uniform and alternate charges under canonical measures in the two-dimensional space, including the proof of Theorem 1.7.
UNIFORM CHARGE MODEL UNDER MICROCANONICAL MEASURES
This section provides a detailed study of the uniform charge model in general dimensions in the coordinate (q, v). We start by recalling the description of the model in Subsection 2.1. Subsection 2.2 is for the analysis of conserved quantities and microcanonical states. In Subsection 2.3, we study the thermal conductivity in terms of the current-current correlation and give a proof of Theorem 1.3 by assuming one key proposition. The proof of this proposition is divided into several steps and given in the last three subsections.
Model. We consider the Markov process
generated by the operator L = A + BG + γS where A, G and S are defined at (1.3) and (1.4). Note that B ∈ R and γ > 0 are parameters that regulate the strength (and the direction) of the magnetic field and the stochastic perturbation respectively. Remark 2.1. We can replace the matrix Bσ by any real skew-symmetric matrix M with size d * at (1.1) and consider the dynamics associated to this matrix, which conserves the total energy. Note that any real skew-symmetric matrix M is given in the form M = UΣU T where U is orthogonal and Σ is block diagonal with a form
for some m ≤ 
, the deterministic dynamics associated to the matrix M is rewritten as
Then, Theorem 1.3 is generalized to this dynamics with stochastic perturbation and the asymptotic behavior of the microcanonical Green-Kubo integral is given as
In particular, if d * is odd, then κ 1,1
The generalization from Bσ to Σ is straightforward, so we omit the proof.
2.2.
Conserved quantities and microcanonical states. As described in the Introduction, the dynamics (1.1) conserves the total energy ∑ x∈Z d N E x . In particular, GE x = 0. On the other hand, the dynamics does not conserved the total velocity
We have already seen that if we start from the initial condition ∑ x q x = ∑ x v x = 0, then the condition is conserved by the dynamics. We discuss what happens for general initial conditions
and then |v| 2 is conserved. Moreover, the centered configuration (Q x := q x −q, V x := v x − v) x∈Z d N also evolves according to the stochastic dynamics generated by L. In this way, the dynamics of (q x , v x ) is decomposed into the dynamics of (Q x , V x ) and (q,v). In particular, under any stationary measure, the distribution of (Q x , V x ) is also stationary.
In the next subsection, we will see that the total instantaneous energy current denoted by ∑ x j x,x+e 1 is explicitly given as
and plays an essential role for the asymptotic behavior of the Green-Kubo integral. Since
this total instantaneous energy current depends only on the centered configuration
∑Ẽx whereẼ x is the energy of the oscillator x associated to the configuration (Q x , V x ). By definition,
From the above observation, on a general microcanonical state with the averaged energy E and the square of the norm of averaged velocity |v| 2 , the distribution of the centered configuration . In this way, we can reduce the study of the Green-Kubo integral on a general microcanonical state to the one on the microcanonical state Ω N,E .
2.3.
Instantaneous energy current correlation. In this subsection, we study the asymptotic behavior of the correlation of the integrated energy current κ a,b N,E (t). We follow the strategy of [1] .
The energy conservation law can be read locally as
where J x,x+e a ([0,t]) is the total energy current between x and x + e a up to time t. This can be written as
where M x,x+e a (t) is the martingale given by
Poisson processes with intensity γ.
The instantaneous energy current j x,x+e a can be written as j x,x+e a = j a x,x+e a + j s x,x+e a with
where j a x,x+e a is the contribution of the deterministic dynamics to the instantaneous energy current and j s x,x+e a is the stochastic noise contribution to it. Remark 2.2. Since GE x = 0, the instantaneous energy currents does not depend on B.
Recall that the microcanocial Green-Kubo integral is defined by taking the infinite size limit in
We first give a simple lemma about a spatial symmetry of the system.
Proof. Let τ : {1, 2, . . . , d} → {1, 2, . . . , d} be any permutation and (τx) a = x τ(a) . From the symmetry with respect to τ of the generator L or simply by the explicit form of (1.1) and (1.3), the distribution of the Markov process (q τx (t), v τx (t)) with the initial measure µ N,E is the same as that of (q x (t), v x (t)) with the same initial measure. In particular, κ a,a
By the same reason, the distribution of (q R a x (t), v R a x (t)) is same as that of (q x (t), v x (t)) with the initial measure µ N,E . For a = b,
where M 1 is a martingale given by
x,x+e 1 (s)ds is a bounded variation process. Then, by Ito's formula for jump processes (c.f. [14] ), we have
Then, by considering the time reversed process as in [1] , we obtain E N,E [M 1 (s) ∑ x j a x,x+e 1 (s)] = 0 for any s ≥ 0, and hence E N,E [A 1 (t)M 1 (t)] = 0. Here, the generator of the time reversed process is −A − BG + γS, but it does not make any difficulty to apply the argument in [1] , since the current does not depend on B.
Also,
Thanks to the equivalence of ensembles given in Lemma C.1 in Appendix C, the last quantity is equal to
By the spatial translation symmetry and a simple computation, the last term is rewritten as 1 
where lim sup
Remark 2.5. As we will see in Subsection 2.6, C 1 (s) is an oscillating term and in particular |C 1 (s)| ∼ s −d/2 . In d = 1, this term is bigger than the term C 3 (s), which is the main term for the Green-Kubo integral. This big oscillation of the current correlation function is also seen numerically in [15] . Proof. By the translation invariance of the measure µ N,E and the Cauchy-Schwarz inequality,
Using the time stationarity of the dynamics, we have
By the symmetry of the measure µ N,E under the change of variables v j → −v j for any fixed j, we have
Since the measure µ N,E is translation invariant and symmetric with respect to the components j = 1, 2, . . . , d * , the last expression is equal to
for any x = 0. Therefore,
For the last equality, we use the fact that ∑ x =0 q j x±e 1 = −q j ±e 1 under µ N,E . Hence, the equivalence of ensemble (Lemma C.1 (iv)) shows E N,E [(∑ x j a x,x+e 1 ) 2 ] is of order N d and the set of functions
Next, we show the equicontinuity. Note that
We denote by W the last term, namely
where m t is a martingale. Therefore,
By the Cauchy-Schwarz inequality and the time stationarity of the dynamics,
By the same argument for the term
is uniformly bounded in N and so the set of functions {C N : [0, ∞) → R} N is equicontinuous.
Next, we show that the Laplace transform of C N , which we denote byC N converges pointwise to a functionC ∞ on (0, ∞).
where
We give a proof of this proposition in the next subsection. From a general observation of the convergence of functions, Lemma 2.6 and Proposition 2.7 imply the existence of the limiting function C ∞ on [0, ∞) whose Laplace transform isC ∞ (we give a rigorous argument for this in Proposition A.1 in Appendix A for completeness).
Finally, we study the asymptotic behavior of the inverse Laplace transform ofC ∞ in Subsection 2.6 which completes the proof of Proposition 2.4.
which recovers the result (48) of [1] (where the stochastic noise is different, hence the constant does not coincide).
Proof of Proposition 2.7.
We follow the strategy of [1] again, for which an explicit expression of a resolvent equation is crucial. For each λ > 0, let u λ ,N be the solution of the resolvent equation
Since L is the generator of the process, we haveC
. From Lemmas B.1 and B.2 in Appendix B, u λ ,N is explicitly given by
with the solutions of (B.1) and (B.2). By the symmetry of the measure µ N,E under the change of variables q j → −q j or v j → −v j for any fixed j, we havẽ
Moreover, by the symmetry with respect to the components j = 1, 2, . . . , d * , we have
for any j. Therefore,
For the second equality, we use the fact that the sum is taken over all x, y ∈ Z d N . By the symmetry of the measure µ N,E with respect to any permutation on the index set
for any y = 0, and so the last term of (2.3) is rewritten as
Let us define the Fourier transformf
The inverse Fourier transform is given by
From Lemma C.1 (iv), we have
we have
At the last equality, we use the fact
On the other hand, by the direct computationsĝ λ ,
. In this way, we have
is continuous except at the boundary and uniformly
In the same manner, we will have the following convergence
behaves well at the boundary. We prove that this is the case in the rest of this subsection.
From the explicit expression (B.2), it is easy to see thatĝ 2 λ
given as the solution of the following linear equation:
Its explicit solution is
is continuous except at the boundary and uniformly bounded on [0, 1] d . Therefore, we have
2.6. Analysis of the inverse Laplace transform. In this section, we study the inverse Laplace transform of (2.2) in detail and give the asymptotic behavior of C(s). First, we study the term
where L −1 represents the inverse Laplace transform operator. The asymptotic behavior of this term is already studied in [1] as
To analyze the remaining term, we first study the inverse Laplace transform of
We emphasize that any pair of the form (±α 1 (θ ), ±α 2 (θ )) satisfies the equations (2.4), but we choose nonnegative solutions and denote them by α 1 (θ ) and α 2 (θ ) which are unique. Then Q(λ ) is factorized as Q(λ ) = (λ 2 + α 1 (θ ) 2 )(λ 2 − α 2 (θ ) 2 ) and
. Therefore,
and we can calculate the inverse Laplace transform explicitly as
By definition,
Hence, α 1 , α 2 , β 1 , β 2 are continuous functions on [0, 1] d . Therefore, standard analysis shows the behavior of the term (2.5) as t goes to infinity is governed by the behavior of the functions α 1 , α 2 and β 1 , β 2 around the minimal value of γω 2 θ , γω 2 θ + α 2 (θ ) and γω 2 θ − α 2 (θ ). By the explicit expression,
(2.6) Therefore, γω 2 θ , γω 2 θ + α 2 (θ ) and γω 2 θ − α 2 (θ ) are 0 if and only if ω 2 θ = 0. By symmetry, we treat only the case θ = (0, 0, . . . , 0).
We study the asymptotic behavior of the following three terms separately:
Note that
Also, from (2.6), we have
and so
Finally, we study the oscillation term C 1 (t). We estimate the time integral of this term, namely,
By a direct computation,
Then, we have lim sup
UNIFORM AND ALTERNATE CHARGE MODELS UNDER CANONICAL MEASURES
This section provides a detailed study of the one-dimensional chain of oscillators with uniform and alternate charges in two-dimensional space under canonical measures. In the same way as the last section, we start by recalling the description of the model in Subsection 3.1, and characterize conserved quantities and introduce canonical measures in Subsection 3.2. The strategy of the proof of Theorem 1.7 given in Subsection 3.3 is essentially the same as that for Theorem 1.3, but we need one new and important step, which is given in Subsection 3.4. The main result in this subsection allows us to reduce the problem to solve the resolvent equation in (r, (v) coordinate to that in (q, v) coordinate. In the last two subsections, we give proofs of other ingredients of the proof of Theorem 1.7, mainly for the alternate charge model.
3.1.
Model. As already discussed in the Introduction, we only consider the case d = 1 and d * = 2 in this section. Let (r x (t), v x (t)) x∈Z N be a a Markov process on R 4N generated by L r and S are given in (1.8) and (1.9) for # = 0, i, ii. We call these dynamics as the dynamics (0), (i) and (ii) respectively.
3.2.
Conserved quantities and canonical measures. As observed in the Introduction, the total energy ∑ x∈Z N E x is conserved under any of the dynamics (0), (i) and (ii). The total deformation ∑ x∈Z N r j x for j = 1, 2 are also conserved by all of them. On the other hand, the total velocity ∑ x∈Z N v j x for j = 1, 2 are conserved only by the dynamics (0). Note that there is no conserved quantity which corresponds to the pseudomomentump since it is given in terms of q. However, for the dynamics (ii), ∑ x∈Z e
are also conserved where Z e N := {x ∈ Z N ; x ≡ 0 mod 2}. By direct computations, one sees immediately that the dynamics (0), (i) and (ii) are all stationary under µ N,β . More generally, for each β > 0 and τ = (τ 1 , τ 2 ) ∈ R 2 ,
are stationary measures for the dynamics (0), (i) and (ii). We mainly study the case τ = 0, but give some discussion on the asymptotic behavior of the Green-Kubo integral in the case τ = 0 at Remark 3.5.
3.3. Instantaneous energy current correlation. Recall that J x,x+1 ([0,t]) is the total energy current between x and x + 1 up to time t. Let j x,x+1 be the instantaneous energy current given by j x,x+1 = j a x,x+1 + j s x,x+1 with
Note that these currents are common among the dynamics (0), (i) and (ii). The total energy current is written as
where M j,x,x+1 (t) = N γ j,x,x+1 (t)−γt and {N γ j,x,x+1 (t)} j=1,2, x∈Z N are 2N-independent poisson processes with intensity γ.
We can apply the same argument in Subsection 2.3 to obtain
N,β is the expectation for the dynamics (#) starting from the canonical measure µ N,β . Since the canonical measures is product, we do not need o(N) correction term. Now, the next proposition is suffice to prove Theorem 1.7. 
The main strategy of the proof of Proposition 3.1 is the same as that for Proposition 2.4. For each λ > 0 and
where ω 2 θ = 4 sin 2 (πθ ). R(λ ) and S(λ ) are polynomial functions of order 5 and 6 respectively, and their explicit expressions are given at (3.3) whereλ = λ + 2γ.
We can follow the proof of Lemma 2.6 to prove the next lemma, so we omit the proof. We prove the next theorem in Subsection 3.5. , v) ). , v) ) and S r F r (r, v) = (SF)(Φ(r, v)), we only need to show that A r F r (r, v) = (AF) (Φ(r, v) ). By definition, we have
and hence
for x = 2, 3, . . . , N. On the other hand, by assumption,
Therefore, A r F r (r, v) = (AF) (Φ(r, v) ).
Proof of Proposition
λ ,N be the solution of the resolvent equation
. Unlike the microcanonical case, it is not easy to solve the equation (3.1) directly. So, we consider the associated resolvent equation for the coordinate (q, v) ∈ R 4N and use its solution to obtain the solution of (3.1). Let u (#) λ ,N be the solution of the resolvent equation
For # = 0, i, ii, the explicit form of u 
λ ,N, * * be the solution of the resolvent equation ,
and so the term E N,β ,τ [v (#) λ ,N, * * j a 0,1 ] does not vanish in the limit. On the other hand, the behavior of the term E N,β ,τ [v (#) λ ,N, * j a 0,1 ] does not depend on τ, which we can see from the argument below. Therefore, by the inverse Laplace transform, we can see that the current correlation D 
is the solution of (B.2). As already discussed, v 
and by Parseval's identity,
.
In this way, forĝ 2
The inverse Laplace transform of this limiting function has been already studied in the last section, so we conclude Proposition 3.3 for the uniform case, namely the case # = i. The case # = 0 can be shown in the same way, so we omit details. Finally, we consider the alternate case. From Lemma B.3 in Appendix B, we have
is the solution of (B.3). Letĥ 3 λ ,N be the discrete Fourier transform of h 3 λ ,N . We can apply the same argument as above to show that
behaves well at the boundary. We prove this is the case in the rest of this subsection.
We define the discrete Fourier transformĥ i λ ,N,e andĥ i λ ,N,o for i = 1, 2, 3, 4 bŷ
where the first sum is taken over all x ≡ 0 mod 2 and the second one is take over all x ≡ 1 mod 2. Recall that we assume N to be even for the alternate case. From the explicit expression (B.3), we havê 
With these expressions, it is easy to see thatĥ
is the solution of the following linear equation:
Then, by a direct computation, we havê
To simplify the notation, we introduce Y = X − 4γ 2 . Then, we have
We call the last expressionS(Y ).
Therefore, cos 2 (πθ )
S(λ ) is continuous and bounded on [0, 1] and so we complete the proof of Proposition 3.3. 
since R(λ ) and S(λ ) are symmetric in θ . Also, since sin 2 (2πθ ) = sin 2 (2π(
Then, from the above observations,
To obtain the inverse Laplace transform ofR
S(λ ) , we compute the partial fraction decomposition ofR 
Proof. For any θ ∈ (0,
We defineα 1 (0) = 0,α 2 (0) =α 3 (0) = −B 2 − 1. Then, by the continuity of the coefficients of polynomial T (Y ),α i (θ ) are continuous on [0, 1 4 ]. From this, we have
Next, we work on the numeratorR(λ ). By a direct computation, we havē
where we use the notation Y =λ 2 − 4γ 2 . Let
. Now, we give the partial fraction decomposition ofR 4 ]. Though we also use the notation α 1 (θ ), α 2 (θ ) in Subsection 2.6 which are clearly different from the ones we have just defined, since there is no room for misunderstanding, we use the same notation here. Also, define
for θ ∈ (0, Then, for each θ ∈ (0,
for some positive constant C.
In the same way,
for some positive constant C. Next, we consider the term
Lemma 3.7. There exists a constant C > 0 such that
Proof. We only need to show that for some C > 0,
From the explicit expression of f i,t for i = 1, 2, | f i,t (2 B 2 + 4 − 4γ 2 )| ≤ Ct for some C > 0, and hence we complete the proof.
From the above lemma, we have exp(−2γt)
In the same way, we have
for some positive constant C. Finally, we study the term 1 4 0
Since α 1 (θ ) < 2γ for θ = 0, we only need to consider its behavior around θ = 0. For this, we study the behavior ofα 1 (θ ) ≤ 0 which satisfiesα 1 (0) = 0 and T (α 1 (θ )) = 0. By expanding T (c sin 2 (2πθ )) around θ = 0, we have
Also, by a direct computation,
Therefore, 1 4 0 ]. Moreover,α 1 (θ ) ∈ R for small enough θ and the asymptotic behavior ofα 1 (θ ) as θ → 0, which is given at (3.4), also holds. Namely, among 6 poles ofR (λ ) S(λ ) , there is just one pole which can contribute to the divergence of the thermal conductivity. Since the exponent is determined by the asymptotic behavior (3.4) and (3.5) which both hold for general γ > 0, we should have D (ii) (t) ∼ t − 
Proof. By Arzelá-Ascoli theorem, if f N is restricted to each compact interval in [0, ∞), there exists a subsequence N k such that the function f N k converges in the uniform topology on this interval. Therefore, by the diagonal argument, we can construct a subsequenceÑ k such that fÑ k converges compactly on [0, ∞). Denote its limit by f ∞ . Then, by the Lebesgue's convergence theorem,
since { f N } is uniformly bounded. Then, by the injectivity of the Laplace transform, the original sequence f N also should converge to f ∞ (t).
APPENDIX B. RESOLVENT EQUATION
In this section, we give an explicit solution of the resolvent equation
First, we concern the components for which the magnetic field does not effect. Let g λ ,N :
which satisfies g λ ,N (z) = −g λ ,N (−z). The existence and the uniqueness of such a solution follows straightforwardly by the Fourier transform.
Proof. By direct computations,
Also, a simple computation shows that
which concludes the proof.
From this lemma, we have
for # = i, ii with u λ ,N, j given in Lemma B.1. Next, we work on the components j = 1, 2 for the case with uniform charges.
which satisfies g i λ ,N (z) = −g i λ ,N (−z) for i = 1, 2, 3, 4. The existence and the uniqueness follows by the Fourier transform again.
Proof. It follows by the direct computations:
Finally, we study the case with alternate charges. For this case, we take d = 1 and d * = 2. We introduce
) be the solution of the simultaneous equations 
Proof. It follows by the following direct computations. The sum over x ≡ y means the sum over all pairs (x, y) satisfying x − y ≡ 0 mod 2 and the sum over x ≡ y + 1 means the sum over all pairs (x, y) satisfying x − y ≡ 1 mod 2. This is essentially done in Lemma 7 of [1] , but for completeness, we give a proof.
Proof. Defineq Therefore, if N is odd
and if N is even,
where ξ N = ( 
We can also do a similar computation and conclude the same result if N is even. For (ii), if N is odd, we have Then, we can apply the classical equivalence of ensembles under the uniform measure on the sphere to conclude (ii). Similar arguments also work for the case that N is even, and also for (iii). Finally, we prove (iv). We only deal with the case that N is odd, since the other case can be shown in the same way. By definition,
The last term is equal to
From the explicit distribution of (q,ṽ) studied above, if ξ ξ , then
The same is true if ζ ζ . Also, if ξ = ξ , then
The same is true if ζ = ζ . Therefore, the term E N,E [q j (ξ )q j (ξ )ṽ j (ζ )ṽ j (ζ )] = 0 if and only if ξ = −ξ and ζ = −ζ . Moreover,
does not depend on ξ , ζ . From the explicit distribution 
